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SUMMARY

The usual approximstions made in calculating the pressure
changes of a conpressibl e £fluid flowing through heat - exchanger
passages | Nt roduce appreciable errors in the range of high-flow
Mach nunbers a&d hi gﬂprat es of heating. Existing methods for
obtaining accurate results over the entire Mach nunber and rate-
of~heating range I €(UI I € pumerical integratlion f or each specific
aet of conditions and are therefore too tedious for general
appl i cation.

In the present paper an analysis is made of the compressible-~
flow variations oceurring in heat-exchanger passages. The results
of the anal %/.SI s describe the flowand heating characteristics for
whi ch specific flow passages can be treated as segments of gen-
eralized £flow systems. The 8ra‘oh| cal representation of the flow
variations in the generalized flow systems can then be utilized
as working charts to aetermine directly the pressure changes
occurring | N any specific f| Oow passage. QL the basis of these
results, working charts are constructed to handle the case of air
heated at constant wall tenperature under turbulent-flow condi-
tions. A nethod is given of incorporating the effect on the heat-
exchanger f£low process of high temperature differential het ween
pasgage wall and fluid as based on recent NACA experimental data.
Good agreement is obtalned between the experimental and the char.t
pressure-tip values for passage-wal| average tenperatures as high
as 1752° R (experinental 1imit) and for £low Mach nunbers ranging
from0.32 to 1.00 (choke) at the passage exit.
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IRTRODUCTION

The rational design and calculation of performence of aircreft
heat exchangers wherein heat is added to or subtracted from a high-
sgeed compressible f | Ui d St r eamreguires N0t only t he knowledge of
the apﬂr opriate heat-transfer and friction-drag coefficients hut
al sot he mathematical means of utilizing these coefficienta to0
describe accuratelﬁ t he pressure and temperature variations along
the length of the heat -exchanger f| ow passage.

The basic differential equati On describing t he pressure varia-
tions Of a compressiblef| ui d under the simultaneous action of
friction end heating Or cooling i S well known foOr the Metal case
of one-dimensional f£low; however, N0 exact cl 0sed- f ormsol uti on of
this differential -fl ow equation bas yet been obtained even for
speci al | y chosen boundary conditions. Si nplified sol utions have
been evolved (references 1 and 2) by resorting to approximations
that are sufficiently valid for flowat relatively [ow speeds
(corresponding to Mach numbers of the order of 0.4 and less) and
for moderate rates of heat input to the £luid (corres to
temperaturedi f f erenti al S between wall and f£luid of t he order of
300° Rand | €SS). However, as illustrated Dy t he experimental
results ofref erence 3, the errors introduced by the approximstions
in calculating the pressure variations along a flow passage
increase SO rapldlywith increasSeof Mach number anmd rate Of heat
input that for many heat-exchanger problems the simplified solu-
tlong are, at the most, only rough approximations.

Although the differential-flow equation lg not susceptlble to
formal integretion,iti S readi |y anenabl e to numerical methods.
Methods for mmerically integreting the differential-flow equation
f or specific heat-exchanger conditi ons are di scussed i n refer-
ences 4 end 5. Although the nethods devised reduce the |abor
i nvol ved in obt ai ni ng numerical solutions it i s desirabl e in the
calculation Of pressure drop to obviate the necessity for per-
formng a numerical integration for each set of conditionsofheat-
exchanger operation.

In the present paper, an enalysis of the heat-exchanger flow
process ie made t hat describes t he generalization conditions f or
which specific f| ow passaﬁes can be treated as segnents of gen-
eralized flowsystens. The results of the analyais provide the
basis for the construction of working charts that enabl e deter-
mination, without individual integration, Of t he pressure variations
of a compressible f| Ui d flowing t hrough heat - exchanger passages.
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- Wrking charts are herein presented for the specific case of
air flow ng in turbulent motion t hrough smooth constant-area passages
wherein heat is added to the air streem by the passage wal | s which
are at a constant temperature throughout their lemgth. A constant
ratio of the specific heats for air equal to 1.400 is used in the
preperation Of these charte. The range of variables covered in the
charts are: (&) rd i 08 of passage-wal| temperature to air temper-
ature (Iabsol ute) from5.00 to 1.11, (b) total-momentum parameters
equi val ent to entrance Mach nunbers fromo.15 to 0. 80, and (c) pas-
sage | ength-diameter ratios from zero to a value sufficient in nost
casest O producechoking at t he passage exit.

Although in the construction of the charts the heat-transfer
coefficient and friction factor are expressed by the stendard
turbul ent-fl ow eguations used in present-day heat-exchanger work,
a method is given Ffor incorporating the ef f ect s of hi gh temperature
differential between passage wal | and £fluid on heat-transfer coef -
ficient& friction factor €S i ndi cated by the recent experimental
data of reference 6. A method of incorporating the experimental
results of reference 6 in the heat-transfer relatlion used for
temperature-risecalculation | S also given. Calculated end measured
valuesOf pressure drop and tempersture ri se arecompered.

An exsmple i s presented that illustrates in detail the nethod
of using the working charts and of using the resulis of reference 6
in solution of & typicel problem involving flow through a heat-
exchanger pessage. Applicatlon of the method of reference S for
cal culating the pressure changes of a compressible f|uid £lowing
In a passage with an abrupt increase of cross seotionéas obt ai ned
at exit of heat exchanger) is discussed and il|ustrated.

~Al'though of a preliminary nature, this gaper is presented to
fulfill the current urgent needs for this type of irnformation.

SYMBOLS

A cross-sectional aree of f | OwW passage, (sq %)

op specific heat of fluid at constant pressure, (Btu/(lb)("B))
Do equivalent diameter of flow passage, (%), (£%)
Dy dreg force due to friction, (Ib)
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a
friction factor, r—nm
z PV 5,

free-flaw area ratio
mess conversion factor, 32.2, (I1b/slug)

heat - t r ansf eicoefficient between wall and fluid,
(Btu/(sec) (sq £1)(°R))

ratlio of actual value of friction factor to that given by the
0.2
standard expression, 0.046 [ —bE—
P&VD,

ratio of actual velue of heat-transfer coefficient to that

0.
pgvne)

1D 0.4
given by the standard expression, _k_e = 0,023 ( m

®

thermel conductivity of fluid, (Btu/(sec)(sq £t)(°R)/(ft))
passage flow length, (£t)

Mach mumber

mess flow of fluid, (elugs/sec)

total pressure, (1b/sq ft absol ute)

static pressure, (ib/eq £t absol ute)

ges constant for fluid, (for air, equal to 53.35), {(£t-2b/(1b)(°R))
weotted perimeter, (f-t)

total temperature of fl| ui d, (°R)

temperatures Of passage walls, (°R)

static temperatureof fluid, (°R)

fluid veloeity in f| OW passage, (£ft)/(sec)

1004



Voot

NACA RM No. ESG23 5

X downstream distance from referencestation in f| ow system, (£%)

Z paremetber determined from teble on charts

7 ratio of speciflc heats at totel temperature of Ffluid (assumed
constant as 1. 400 i n aixr charts)

n viscosity o ¢ fluid, (1b)/(£%) (sec)

ne viscosity of air at 5199 R, 12.3 X 105, (1b)/(£t)( sec)

P mase density of fiuid, (slugs/cuft)

Subsecripts:

av fluid conmditions evaluated a average fluid temperature Iin flow
bassege

en entrance of given flow passage

ex exttof given flow passage

v fluld conditions evaluated at average wall temperature of fliow
bassags

x any station in flow system

0 ref erencestetion, defined asstation in flow system at which

ratio %Eis equal to eny Of values 5.0, 3.0, 2.0, or 1.5

The f ollowing grouplngs of variables are involved:

niV+pA totel momentim

LViph total-momentum parameter
m4s’RT
— 2% static-pressureparameter
m—JgRT

PA

e

total-pressure parameter



6 NACA RM No. ESG23

Vv

— velocity parameter

A erT

(& =<f§1 ¥
Do /et By

.2
(vD) ™2 &y & effective length-dianeter
©
ratio aS measured from
- reference station to any
station i n f| ow
system

u 0.2 - .
(51.'. = ..i!’) (pVDg) 0.2 . 5& effectivel engt h- di amet er
e/eff Hp e ratio of flow passage

ANALYSIS

The st eady-fl ow process ocecurring Wi thin a constant-are8 heat-
exchangerpassage i S one i nvol ving t he simultaneous action of fluid
friction and heat transfer. A gemerel analysis is he-rein mde of
the conpressible-flow variations obtained during this flow process.
It is shown tbat, by appropriate limtations of the flow and
heat i ng conditioms, i ndi vi dual flowprocesses became speci al cases
of generalized flow systens; 8s a result generalized graphical

representation of f | OW systems can be constructed that are appliceble

for the direct determination of the flowvariationsinalarge
number of different fl ow passages. The results of t he analysis are
then utilized for the construction of charts for Sir heated at
congtant wall temperature, assumingt he standard heat-transfer and
friction-factor equations for turbul ent flowthrough smooth pas-
seges. A method oqf incorporating t he ef fects of hightenperature
differentiasl Dhetween passage wall snd fluid en the flow process, 8s
indicated by the recent experimental data Of reference6, ispre-
sentedand checked W t h experiment.

Por an over-sll evaluation of heat-exchanger performance, t he
f| ow variations at t he heat-exchanger entrance due to t he flow-area
contracti on andat t he heat-exchanger exit due to the flowarea
enlargement must also D€ considered. Inasmuch as t he entrance
lossesareusual | y small conpared with the over-811 | osses &cross
the heat exchanger, the flow process at the heat-exchanger entrence
can generally be assumed isentropic.For 8sharp-edge entrencs,
8noreaccur at e determination of the pPressure change i n theflov
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process at the heat-exchanger entrance can be obteined Dy subtracting
the pressure drop due to the vema-contracta, as hased on incompressible-
f| oWconsiderations, fram t he pressure cal cul at ed f or comgpressible
isentropic flov. The |osses at the heat-exchanger exit are usual |y
of appreciable megnitude and require accurate eval uation. For this
]purpose, the analysis presented in reference 5 of the compressible-

| oW variationsacrossssudden enlargement| S herein applied for the
case Of subsonic flow that is gemerally encountered in heat-exchanger
practice.

Desoription Of f| OWprocess. - One form of t he differential-
nonent uMequation describing the one-dimensional steady-state motion
of a compressible f| uid in 8 constant-area passage underthe conbi ned
influence Of friction and heat trensfer i S:

a(uv+pA) + dDp = O (1)

Fromthe conservation of energy and mass equations and the perfect-
gas law, reference 5 shows that the total-momentum par amet er

WV+RA i 5 unt v
quely related to each of the flow perameters M, ———
m+/ gRT T e’
P
P

, £, and %. for any val ue of y associated with t he totel tem-
m
perature of the fluid. Enowledge of the variations of 57—';% and
n
T during the flow process is therefore sufficient t0 conpletely

speci)fy the variations Of all the fluid-flowconditions (p, ®, ¥,
and t ).

The variation Of the total-momentum paraneter ZVXRPA_ js due
m«/ gRT
to the variations of both the total-momentum mV+pA and t he total
temperature T. Differentiation Of t he totel-momentum par anet er
W th respect t 0 t hese two variables f Of constant mass flow and area
gi ves:

V¥

a (mvtpA 'd.(mv+pA.) _1 4ar (2)
nafeRt/ maERT ZmqfgRT T
The differential Arag force dDp i S
aDp = ¥ -;- ov2a "'D:" (3)
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Oor, nor e conveniently,

Dy = 2F oV a(,%;) (4)

The variation of total temperature T i S given by the differential
relation equati n%the heat trensferred from the viall to the fluid
to the heat absorbed by the fluid.

mgep AT = ha (Ty-T) dx (5)

The temperature I €COVery factor i N t he boundary | ayer i s assumed t 0
be unity in equation (5). Negligible errors are introduced by this
assumption f Or gaseous fluids and f Or the practical range Of tem-
perature differentials USed i N heat exchangers.

Prendtl's extension of Reynolat's anal ogy between fluid
friotion and heat transfer for fl ow through *smooth-wall passages

h
gi ves S%I as 8 function principally of the Prandtl number EE:

2
In view of this relation, equation (5) is rearranged and presented
ag

ar = 2| B (Ty-T) T & (D—’:-) (6)

From equati ons (1), (2}, (4), and (6), t he variation of the total -
momentum parameterduringt he f| ow process i S expressible as:

‘ d<M>= - 4T - 1 mV+pA dT (7)
m 4/gRT q/gRT( h ) 2 moferr T
(Ty~T)

C

WM} '-dlg
®

mV+pA

. . , v
As previously pointed out, is related to Jerx 204 T

in the manner dictated by the laws of conservation of energy and
mass, the perfect-gas law, and the relation between 7 and T,
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h
. c PV
equation (7) thus involves only t he variables M, —%—, Tors
m-‘lsmi' 3
and T. The conclusion can then be drawn that for a given-fluidthe
variation of BV:EA. guring the flow process is uniquely determined

m /BT

. 508V
by the variation of T during the prooess provi ded that -c—ﬁ;— and

. 2

T, are constant or are expressibl e as functions of only aviph
o SH

and T. Because SRR ana T conpletely define all the fluid-

m 4/ gRT

flow conditions, t he parallel gemeralization can be made that the
flow variations of a fluid along a heat-exchanger pessage are
uniquely determined by ﬁhe variation of T al ong t he passage when

v
the local val ues of Ei;— and Ty are constant Or ar € expressible

2
8s functions of only the local fluid-flowconditions. In partic-
ular, t he f| oW variations ar e t hen explicitly independent of t he
position variable I. Thus when the generalization conditions are
satisfied, any station in a given flow system can be considered as
t he initial starting poi nt of 8 real f|ow process; conversely,
i ndi vi dual fl ow processes can be consi dered 8s special cases Of
generalized flow syatems.

The results of integration of equations (6) and (7) for 8 num
berof generalized flow systems can be presented i n chart form f or
t he direct determination of the flow variations in & large number
of individusl flow pessages when the generalizationconditions are
satisfied. This fact i S used eethe basis for the construction of
t he chaxrts presented herein.

Pr essur e- dr op charts for air heated atconstant wall tempera-
ture. - Working charts \EI € constructed ON [ he basis O The TOre-
'& anal ysi s t 0 ensble determination, Wi t hout indivi dual integra-
tionh, of the pressure variations sustained by air flow ng through
constant-area pessages Wherein heat is added to the air at constant
passage-wall temperature. Conventionalheat-transfer amdfriction
relations Were used i n t he preparation of the charts. Subsequent
t 0 t he completion Of the charts, additi on81 data wer e obtained
(reference 6) that indicate an effect of pmssage-wall temperature
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on heet-trensfer coefficientand friction factor t hat becomes
| nport ant at hi gh temperature differentials bet ween wall and f | ui d.
Hence, Ky eand Kp O8re herein introduced 8S correction factors

that account f or departure Of the actualheat~trensfer and friction
phenamera from the phenomena expressed by the conventilonal relations.
The method of evaluating K; and Ky 1Iin accordance with the recent

data Of referemce 6 | S reserved for alater se& on.

The r €l at i ONS and assumptions used in t he integration of equa-
tions (6) and (7) are as follows:

(a) The ratio of the specific heats y is taken constant
ag 1 400

(b) The relation for friotion factor i s taken 8s

0.2
F = 0.046 Ev&ﬁ;) Ky (8)

When Kg = 1. 00, equation (8) reduces t 0 t he conventional relation

(reference 7, p. 119, equation (98)). Imasmuch as u enters in ¥
only to the 0.2 power, 1ti S assumed constant in the integration of
ect]uan on (6). ZLarge variations in p are accounted for in t he use
of the results by taking an average val ue of p in the flow pas-
sage (that is, p = pgy). The factor Ky is also assumed constant
i n the integration of equation (6) and, as indicated later, is
evaluated for the average fluld conditions existing in the flow

passage.
(c) The relation f Or heat-transfer coefficlent is t aken as

0.8 0.4
hD PBVPe °
_kE =0.023 m ) (351 Ky (9)

Wien K = 1.00, equation (9) reducesto t he conventional rel ation
(reference 7, p. 168, equation (40)).

From equations (8)and (8),

Kp

()"
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e\ 0.6
The simplifications are made that: first, g_];ﬁ) equal s 1.186
which represents, within 1.5 percent, the value for air overthe

K
extreme tenperature range 460° to 2500° R; and second, il_l is

equal to unity in accordance with Prandtlts extension of Eeyn.old's
h

v . :
anal ogy. Thus, G—Pf:g— I s taken constant asl. 186 in the inte-

2
gration Of equations (6) and (7).

_ Two modes of heat addition of present interest are character-
| zed by having (8) constant pessage-wall temperature (T, = a con-
stant) and (D) constant rate of heat input al ong the passage

| ength [n(E,~T) = & constant]. The generalization conditionsal €
satisfied for both these nodes of neat addition for the forego-
assuned heat-transfer and friction phenonena during the process;
generalization is therefore possible. only the case of constant
passage-wal | temperaturd S specifically treatedher ein.

For convenience of anal ysi s and of presentation of results,
the differential variable in equations (6) and (7) is changed from

Tto ?T. In the integration of equations (6) and (7), the | ower
W

integration [imts are designated by the subscript 0. Wen equa-
tion (8) IS substituted for Fin equation (6) and w is considered
to be equal toO pgy, t he parameter

< Hav\0.2 -0.2 -
—— = —— - = 11
(De) - ( o (oVDe) Kp Do (11)

I's introduced. Thi S parameter, Whi Ch i S proporticnal t0 the product
of the actual friction factor F&p and tlﬁe ﬁzngth-dl ameter ratio
X

X, is of the same order of nagnitude as =.
(-] De

On the basis of the foregoing nanipul ations and assunptions,
equation (6) can be formal |y integrated t0 give:

T

(7). 22 2
Ty
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where

g_: 1. [(TT“)O _ ] [1 _ 4-0.00568 (]—,‘;)eﬁ} (13)

Integration of equation (7) i S mmerically performsd t 0 gi ve

val ues of % in ome to One correspondence Wi th val ues of =¥
m
for each assumed i nitial pair of values of (% and (%)0.
m 0
Inasmuch 8S t he f| ow variationsare explicitly independent Of t he

L . . T.
position variable x, each corresponding pair of valks of -%

and E‘Eﬂ‘-‘-"— obt ai ned during 8 single i nt egr aion [inn‘egmtion £ or
one pair of values of v and (—T,l‘;—’)o;! can be considered as

1004

bi]
the entrance conditions of 8 fl ow passage; thus each integration
gives results for en infinite nunber of flow passages whose entrance

conditlons are restricted to the one-to-one rel ati on between -:1‘5%—

Ty . . . .
and = obtained in the integration. Al possible combinations of

E% and T-Tl that may be encountered in heat-exchanger practice
are Obtained if the integration of equation (7) is carried out for a

; w mV4-pA ~
single val ue of T /o and a range of values Of m@)o' How

ever, in order to obtain increased accuracy for the entire range of
interest, the integration was actually carried out and i s presented

for four values of (T—T!) . Fromtheresults of numerical integra-
. . 0 ,

tion of equation (7) and from equations (12) and (13), the val ues of

mV+pA 45 one-to-Tone correspondence with val ues of (%)eﬁ‘ for
m ©
each val ue of ("Fw)o and E—WJEA— used in the integration are

. : 0 . : .
obtained. The plotting O these results in chart formis described
later.

It is convenient in the use of the &rts to recast egqua-
tions (12) and (13) as follows:

Sol ution for <§>eff fromequation (13) and substitution for
=

Ty

T,
0
script x is replaced by subscript en,

fromequation (12) gives for X = Xgn, i N Which case sub-
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2=8) 1761 <TT—Y>° .
(ﬁ')eﬁ = Lf0 L e (TTvr)o [1 ] ( %_w )en]

(14}

Equation (13) 1s rewitten by substituting subscripts ex and
en for x and 0, respectively, in whichcase x = L

Tex o, [(TT_w)en - 1] [1 - o~0-00568 (%)eff] (15)

en

Evaluation of K and Ey. - The preliminary heat-transfer

and pressure-drop data of reference 6 are USed t 0 determine the
average val ues of K, and Kg that account for the effect Of high

tenPerature differential s between passage wall and fluid on the
heat-transfer and pressure-|0SS phenomena in snooth-flow passages.
These data were recently obtained a the naca C evel and | aboratory
in an investigation conducted Wt h air flowing through s t ube that
Was electrically heated to average wall temperatures Of from710°
t 0 1700° R. Reference 6 Shows that correlation of the heat-transfer
dat a accordingt 0 equation (9) wherein K, was taken as unity and
the physicé&l properties ep, w, p, and k of the fluid were

eval uated at the average bulk tenperature resulted in a separation
of the data ast he temperature level of the wall varied. It was
found, however, that satisfactory correlation Of the heat-transfer
data%,over t he entire range Of Wal | temperature isobtained by t he
equati on:

% = 0.022 ,E-"‘;;—E‘if.s (3§):.4 (16)

wher ei n
Py¥ = (p?)(%!) (17)

Equation (16) can be rearrenged as fol | ows:
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o.2{ %"

- 0.0 (2™ () () e () <L>L

(18)

It % is assumed constent for alr and if the simplification is made
that "p is i nversely proportional to T rather than ¢, the

average value O Xy in a flow passage 1s obtained from equa-
tions (9) and (18) as:

0.8
K, = 0:022 (Tav) °p,w <""v 0-2 (19)

The average val ues of T, u, and ep used in equation (19)
are consistent with t he determination of an average val ue of &y
for the fl ow passage.

The pressure-drop data of reference 6 are presently in the
analysis stage; no definite conclusione have been reached regarding
t he effect of high temperature differentials between passage wall
and fluld on friction factor. [N the g.bsence of such information

. pev
it can be tentatively assumed t hat i.j.g—- remains substantially

_ 2
const ant wi t hvariation of wall temperature., Therefore,

o= (20)
Fr om substitution 0Of equations ﬁ]l%} in equation (11)
letting x = L, the effective | engt |ameter ra.tioo 8 flaw

pessage can be expressed as

e B G @) @

o0t~
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In order to ascertain the validity of the assumption expressed
by equati on (20), a comparison was nade, for several experimental
runs, of the pressure drops mesasured in the investigation of refer-
ence 6 with the pressure drops obtained from the chart s wusing equa-

tion (21) for evaluating -theO% of f of the experimental f| ow

passage. Inasmach as 1n the investigation the wall temperature
vari ed Wi t h length along t he tube, the in'begrated.'avera.%e val ue
of T, was used i n the caleulations. The results of the pressure-
dr op comparison as Wel | as of a comparison Of the calculated and

- measured temperature-rise velues are presented in table | .

The g00d areement het ween t he measured and t he cal cul ated
resul ts indicated in the table Substanti atest he general validity
of equations (19) and (20) and is a check on the accuracy of the
charts and assunptions involved therein. Im addition, the results
of the foregoing comparison show that, although strictly applicable
for the case of constant wall temperature, the charts can be used,
within limits, to handle t he CaSe of nonuniform wall-temperature
di stribution along the passage length through the use of the
aver age wall temperature. A measure of the nomniformity of wall-
temperature distribution is glven by the ratio Of the difference
bet ween maximm wall temperature and entrance-alr temperature to
the difference between average wall tempersture ani entrance-sir
temperature. FOI the runs used in the foregoing comparison this
ratio was approximtely 1.2.

_ At the relatively | ow Reynolds nunber of 53,600,the agreement
Is not as close as at the higher Reynol dS numbers. This result is
attributed to the laminar boundary-layer regime at the tube
entrance which, because of the smooth well-rounded entry of the
test tube, occupies an extensive portion of the tube length even

f or Reynolds numbers greatly in excess Of the ecritical value. The
ext ent oft he entrance laminar regime is reduced with | NCrease in
Reynol ds nunber.

The et hod of aetermining (—%‘-) for a £low passage iS
e/eff
1llustrated | at er by means of an exanple.

Flow in passage with sudden increase in cross section. - In
ref er'ence 5, The monent um equation descriping tNe fiow of a com-
pressiblef| ui d across a sudden enl argement of cross section 1s
witten in terns of di mensionl ess-flow paraneters for convenient
application t 0 the case Where the flowin the passage | ust upstream




16 NACA RM No. ESG23

of the area enlargenent is critical or supersonic. In heat-
exchan?er OEerauon, however, the flow 1s generally subsonic; the
general nethod of reference 5 is herein applied to this specific
case.

For subsonic flow across a sudden enl argement (fromarea Al
to area Ap), application of the principle of conservation of

nmonentum at a section just downstreamof the enlargement and at
a section located a sufficient distance downstream of the enlarge-
ment that uniformflow again exists i Vves:

oV + 1Az = TVp + Pphp (22)
where
subscript 1 denotes comditions at the small area Al
subscript 2 denotes conditions at the large area A2

Because the mass flow and total temperature of t he fluild are
constant across the enlargement, equation (22) can be witten

<mv+_pA - mVy+pj Az - <m7+pA ) + P (Ag-Al) (23)
m[eRT/;  mafeRTy \m4/eRT/y m4/gRT]

or,nore conveniently, when noting that £ = %,

(R, B E)

The use of equation (24) for calculation of the compressible-
f1 ow changes across an enl argenment for subsonic flowis illus-
trated later by means of an exanple.

DESCRIPTION OF CHARTS

In figure 1,the rati o of the t ot al momentum at any

. . (mV+pA),
station to the total nomentum at the reference station Tavreh),

I's plotted against the reciprocal of the total-momentum
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m NgRT
paraneter at the reference station <mV+pA A for a range of val ues

of effective length-diemeter ratio = . The ratio
x : Do Jer?

("D_>eff i S taken for the distance between the r ef er ence station and
-]

the station x in the fl ow system. Within each figure, the locus
of all f£low condition8 in a given fl| ow passage has one val ue

of t he abseissa. Hence, the points on a figure representingal |
flow conditions in a passage lle on a common vertical line. Eech

curve of constant -’i) infigure 1 also represents the | ocus
De/ere

T.

of points at which T" is a comstant. Figure 1(a), which is

for (T?w)o = 5.0, covers a range of (Die)df from0 to 32.1 eguiv-

alent t 0 a range Of 5 from5.0 to 3.0; figure 1(p), which is for

<T_"> = 3.0, covers a range of ix_ fromO0 to 50. 65 equivalent
T 0 Tw‘ 0*e/eff
to a rangs of = from 3.01t0 2.0; figure 1(c),whichis for

T
¥ =20, covers a renge Of (]—JI-) from O to 71.4 equivalent
Jo e /et

o

to a range of % from2.0to 1.5; and figure 1(&), which i s for

T

<—E> = 1.5 covers a range Of (-E— from o te 208 equivalent to

e range of & from 1.5t0 1.11. Thus a total range Of %- from
5.0 to 1.1t is covered in figure 1. -

Inasmuch as the bottomecurve in each of figures | (a)
to I(c) is used in proceeding fromone figure to another when
required in solutton of a problem it is dashed and is identified

o

with 1ts appropriate value Of 7 - These values are ;"‘; 3.0

obtained at (Dleeff" 32.1in figure I(a), _:_‘{, 2.0 obtai ned

X - - ‘w
at (D_e.)eff = 50.65in figure I(b), and o = 1.5 cbtained at

x _ x Ty
g bes = 71.4 in figure [ (C). At (E)effgo, & Of course,

%)
equal s the value of ('T‘ o for which the figure is presented.
X

L X
Because the value of - corresponding %o . i mum oDe/ess

T
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on a figure 1is identlcal with the reference wvalue of T_.Fw on the
succeeding figure, the maximm velue of %)eff in figures 1(a)

to 1(c) represents the ef f ect i ve length-diameter ratio between the
reference station for which the figure is presented and the reference
station in thesucceedingfi gure, For example, from fi gure 1(b),

t he (.Dl)eﬁ value between thel ef er ence station defined by
e

T, . :
(—_I-‘;f)o= 3.0 and the reference station defined by <ET!)0 =201is
50.65. The curve representing t he choke limit for t he f£low is

glven in each figure. A tablei S presented in figures [(a) to I(c)
that 1s useful, as later shown, in proceeding from one figure to
enother where roguired in the solution of a problem.

Figures 2 and 3 relate for air (y = 1.400) the total-pressure

PA
and t he static-pressure parameter
 mafgRT pre m +/eRT’
respectively, tothe total-momentum peremeter mV:}___ The vari a-
m

tion& ::ﬂ'ld%- and T in & flow passage can therefore be trens-

lated I Nt 0 t he variation Of static ortotal pressure in the flow
pagsage.

par anet er

OFERATIONS INVOLVED IN USE OF CEARTS

The operations i nvolved in the use of the charts for solution
of a heat-exchanger flow problem are briefly outlined amd illus-
trated in the following examples with the aid of flgures 4 and 5.
Flgure 4 presents a schematic dilagram of the flow passage Of exam-
ples I, II, and IIT and i ndi cat s the passage (solid lines) as a
segment of a generalized fl owsystem shown by t he dashed | i nes. The
rel ative positions of the veriousstations in the generalized flow
system that enter in the problem of example I are| ndi cated. The
detailed steps involved in the use of the charts for solution of
the probl emof example | are traced in figures 5(a), 5(b), and 5(C).
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Example | - Use of Charts

Consi der the turbulent £low f air through a smooth t ube
wherein heat 1s added to the air at constant wall temperature. The
following f| ow and heating conditions are aseumed t 0 exist:

(1) Equivalent diameter of tube, Dg, (£ft) o ¢ « « o . 0.0833
Z)MOftu:be,Il’ (ﬂ)oooooo..oooonococ-?
(3) Mass flow of air thwuwd.*vdw, ™., aUngf(sec) . . 0.00373
(4) Total temperature of air at tube entrance, Ty,

% L3 -* L] v @ [ 4 L] L J * @ L ] L ] L ] [ ] L ] L] L] * ® .« o a 610
(5) Tot al ssure of alr at tube enu-ance, Pen,

(1)/(sq £L) . . . .. . . . . 2160
(6) '.‘B.ibe -wall 'bmpera-m, %, OB. e« s e e 0o 060 a0 0 o 2000

Determine:

a) Total pressure and total tenperature of air at tube exit
b) Static pressure of air at tube entrance and exit

The met hod O successive approximations is required to caleu-
1ate the average val ue of (DE-) for the tube passage that is

consi stent with the average f| ui d temperature in t he passage.
Imasmuch as the principal purpose of this exemple im %o illustrate

the chart operatioms, t he evaluation of(-n—) , although the
(-]

first stepin obteining solution Of the probl em is presented later
I N example | | .

(7) The results of exanple Il give

(D_I;)eff = 103.0

(8) From itens (4) and (6)
("-‘w) 200 _ 5 79

(9) From equation (15) and itens (7) and (8)
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Tox _ 1, (3.279 -1) (1.' e'°-°°558"1°3-°) = 2.010
Ten

(10) From items (1) and ( 3)

n_ QBB __ 4 a3

%x (0.0833)%2

pY =

(11) Fromitens (4), (5), and (10) for R = 53.35 for air

PA - 2160 - 3.087
<m ngRT)en 0.6837 4/32.2 x53. 35 x610

(12) From item(11) and figure 2

<E‘Lf2‘-_ = 3.252
mq/gRT en

Determnation of initial chart. - Items (8) and (12) specify

t he entrance conditions O (Ne {UDE required for entering the charts.

The point on the charts eorresponding t 0 t he entrance conditicns Of
the tube i S referred t0 as t he starting point and t he chart contein-
ing the starting point as the initial chart. The initial chart is

gimply determined by theval ue of <-TT3 oy 2° illustrated in the
followng item

(13) Fromitem(s), (%)en = 3.279; hence, figure |(a) which

covers t he range & =0501to30is theinitial chart.

| nasnuch as consi deration of several reference stations in
the flow systemmay be required in solution of a problem the ref-
erence Station for which the initial chart 1spresented and al |
flow conditions at that reference station are designated by the

. T. .
subscript o0,1; for exanpl e,(-%—’)o L s equal to0 5.0, the refer-

L ’ . .
ence val ue on the initial chart. A8 ehown in figure 4 r%ference
station 0,1 in the f£low systemis | ocatedupstream of the flow-

passage entrance(Station en).
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Locati on of starting point oninitial chart. =
xen .
(14) (-D—- i s cal cul at ed from equation(14) for
e/ eff

Tw . Ty o

0T/ e - 3.279 (item(8)) andOT 0 ontheinitial chart (designated

as <T“> and equal to 5.0 from item (13)).
0,1

2

X
(.Di:!) = 176.1 loge 2.0 = 1'(]). = 24.76
off 5.0 <1' 3.279)

As shown in figure 4, (1—-5—'“> represents the effective
e/eff

length~diameter rati o between stations 0,1 and en, that is, the
effective length-diameter ratio required to effect a change in —=

P
fromb5.0 to 3,279.
(15) The ordi nate-to-absci ssa retio on the initial chart for

X = Xegn ie

(mv'l'PA-)en (m af @
TVAl, ; / \EVEA Jo,1

whi ch, because T, isconstant, cen be rewitten as

(). V&L

Thi s ratio,which represents the s|ope of a straight |ine through
t | chert,is eval uated from
It

e originaf coordinates iInthe initia
ens {(8), (12), and (13) as

5.0
3.252 4/5%75 = 4. 013
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Intersection of the straight 1ine With slope 4.013 and the

interpolated curve for (= .(xin) = 24, i

p | _(D.;)m Be Jope = 2476 (item(14))
| ocates the starting point on the initial chart. |nasmuch as the
origin Of coordinatesis NOt On t he charts,the required slant |ine
i s obtained by draw ng estraight |ine through the pints
(ordinate = 1.00, abscissa = 1/4.013) and (ordinate = 0. 94,
absci ssa = 0.94/4.013). The foOregoi ng construction procedure for
| ocation of the starting point 1sillustrated in figure 5(a) where
the starting point is designated as poi nt A

| _ L (wV+pA) o
(16) The ordinate value for the starting point is (mviph)g 5 °

which is read frem figure |(a) as 0.990.

(17) The abaoi esa val ue for the starting point is (’“ \

mV+pA 0’1’
which isread fromfigure [(a) as 0.2467.

Determination Of terminal chart.- The terminsl chart is that
char { containing [ N€ point corresponding to t he exit conditions Of
the flow passage. Thispoint isherein referred to as the end
point and is designated as point Din figure 5(c). The terminal
chart is determ ned as 11lustrated i N items (18) and (19).

(18) The effective Ien?t h-di aneter ratio between reference
station 0,1 and the end of the tube passage (station ex in fig. 4)

Xent Xon ,
is < Dq )e:f'f‘ which is simply the sum O f (E)eff (item(14))

and the (D—i)ﬁ of the tube passage (1tem (7)).

(xen”*) = 24.76 + 103.0 = 127.76

(19) The table presented on the initial chart (fig. I(a), in
this case) specifies e texminal chart as fig. | (c) for the value

L
<x°n+ ) equal to 127.7se.
Dy Jotr

Transfer fromi Niti al to terminal chart.- Inasmuch as the
terminel Chall isnotthesameasi NE I NILI Al chart, solutionor

0T
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t he problem requires transferring from chart to chert until the

terminal chart is emtered. Im (NI S case, it is necessary totrans-
fer successively £ram figure l(a) tofigure | (b) and £inelly to figQ-
ure I(c). Inthe performance Of this transfer, t he abscissa val ues

required to enter figures |(b) and 1(e) are successively determ ned
as fol | owB:

(20) On the initial chart,t he ordinate corresponding t 0
Gﬂ)
m

al ong the curve f or maximm (3-) is equal to
V+pA /0,1 ! De/ezs |

| (wV+pA)g o

ATy o1 where subscript 0,2 demotest he ref erence statton at which

T T I x

w W - ¥ X
(-1-,->0 <-T—)o.2 t he value Of 7 al maximm (De)eﬁ on t he
initial chart. From figure | (a) for item (17) end for
(—:5) = 32.1 (maximum val ue),

De eff

(nVipa)g 2
mV+;pA 0,1

<?_Tw)o,z = 3.0

As indicated in figure (4),station 0,2 is the next successive ref-
erence station downstream of station 0,1. The point on the charts

corresponding t 0 t he f Or egoi Ng conditions i S designated as poi Nt B
in figure 5(a).

= 0. 9862

where

(21) The reciprocel of ‘the total-momentum perameter at refer-
ence station 0,2 is calculated as

m A/gRT (’_ﬂ.@ (wv+pA)y 4 V(Z_w)o’ 1 ( % )0’2

mV+pA 0,2 mV+pA 0,1 (mV+pA.)042
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whi ch from items (17) and (20) for O-T-T" o " 5.0 (1tem (13)) and

?

T - : :
0T o 5 3.0 (item(20)), gives

0.2467 /5.0
0.9862 s0=0 3229

The chart for <%>0 =<T?">o’ = 3.0 (fig. (b)) 1s entered

with an absci ssa value equal %o 0.3229 as indicatedin figure 5(Db).
Inagmuch as f:l.gure 1(b) | S not the terminal chart, the procedure of
items (20) and (21) must be repeated.

(3, -3
(22) On the chart for T/)o =\ T, 2’ the ordinate corre-

mV+pA

(mV+pA) 0.3
mV’+pA 0 , 2

ponding to o_NgRT along the curve for maximum 3 is
0,2 Do /ots

where aubscript 0,3 demotes t he reference station
at which (T—w) = <£—') = the value of & at maximum (—I-)

on the chart. Fromz£igure | (b) for item(21) and for

(-D£ or 50. 65,
e

equalt o

(mv+pA)o 3
where ?r—' = 2.0.
0 0,3

As indicated 1n figure 4, station 0,3 18 the next successive
reference station downstream of station 0,2. The point on the
charts corresponding to t he f or egoi ng conditions | S designated as
poi nt Cin figure 5(h).
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(23) The reciprocal of the total - nonent umparaneter at refer-
ence station 0,3 is calculated as

), , - G, , womme (), , (B

V+DpA = \mV+ph 0,2 mv+pA 0.3
whi ch, from items (21) and (22) forou;." 0.2 = 3.0 (item(20)) and
>

(%—’) = 2.0 (1ten (22)), gives
0,3

0.3229 —
m:\/ = 0.4111

The chart for <T-l’) =<&) = 2.0 (fig. I(c)) is entered. with an
0,3

abscissa val ue equal to o. 4111 as indicated in f| gure 5(c).

I nasmuch as figure 1(e) i s t he terminal chart (item (19)), t he

transfer procedure i s completed.

location of end polnt on terminal chart. -

(24) The tabl e presented on the initial chart (fig. I1(a), in

. C g Ien+L
this case) specifies z = 82.75 for < D Jorr = 127.76
(i tem(18)}.

(25) The end point i S located on the curve in the term nal

chart f or
+L
(_x) (T2 ™y _
De Joft De Jeff
which, fromitens (18) and (25), gives

(Di on termnal Chart = 127.76 - 82.75 = 45.01
e/eff

(26) Itens (23)and (25) fix the [ ocation of the end point on
t he texrminal chart (fig. |(cC)); item (23) specifies the abscissa
value for the end point as 0.4111 and item (25) specifies the
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(Di ee value for the end point as 45.01. This procedure isill us-
e/ e )
trated in figure 5(c) wherethe €Nnd point is designated as poi nt D.

Evaluation Of M) .
(m‘\/gml' ox

. (27) mote that 3 charts, and thus 3 reference stations are
i nvol ved 4n this problemfor location of the end point. Imthis
case, t he oxrdinate val ue for the end point is

(mV+pA)ex
(mV+pA) 0,3

whi ch, frem item(28), is read as 0.9463 in figure 1(0).

(mV+pA)
(28) T;V%%T:ﬁ is caloulated as

(mV+pA) ox (mV+pA)0J2 (mV+pA) 0.3 (mV+pA) ox
Vgl | - (Weph), | @Vemhlg , @VEA)g o

whi ch, from items (20), (22), and (27), i S
0.9862 x 0.9621x 0.9463 = 0.8979

(29) (mV+pA) o ie calculated as

(mv+ph ,en

(mV+pa)ex (aiV+pA)gy (mVipA)g
Tav+pa) on = (mv+pa) 0,1 Wv+pA)

which, from i t ens (16) and (28), gives

(mV+PA)ex 0. 8979 = 0.9089
VAl ~ 0.5%0 ©
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30) The total-momentum parameter at the exit of the flow
passage is then

(mV+pA) T
mV+ ex [“en
(2ves), ~(avam), e mex

whi ch, fromitens (8}, (12), and (29), gives

EE’PA_) = 2.252 X 0.9069 _ 9 ogp
m A/gRT/ex A/2.010

Final results.

(31) Fromitem (30) and figure 2(a)

IR =1,778
m VgR‘l‘ ex

(32) Fromitems (9), (11), and (31)

Pox PA m * [Tex 1,778 5 mrm _
=<m G@)ﬁ o= LIS 477010 = 0.817

Pen x/gRT ox Ten
(33) Fromitem(12) and figure 3(h)
_._P_A_.) = 2.913
mq/gR‘I‘ en

(34) From item (30) and figure 3

= 1.420
m gR‘I‘ ox

(35) Fromitens (5) and (32)
Pox = 0.817 X2160 = 1765 (1b)fsq £t)
(36) FProm items (11) and (33)

P\ _3.087 _
( = 3387 = 1. 059

27
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so that, fxom item(5)

2160
Pen = Sao0s = 2040 (1p)fsq ft)

(37) From items (31) and ( 34)

P 1.778
OP oy ~ 1.420 1.252

S0 that, from item (35)
= H52 = 1410 (1b)sq f1)

Pox

(38) Fromitens (4) and (9)
Tex = 2. 010 x610 = 1226° R

Exanpl e 1S - Eval uation of T)-I-‘-)
o /ect

The net hod of successive approximation NUSt be used in order to
obt ai N consistent values Of <'D£) and everage f | Ui d temperatire,
o/eff

The vari ations ofsapecific heat c? and absol ute viscosity u of
air with tenperature, as obtained fromreference 8, are presented in
figure 6 to aidin this determination.

(39) From figure 6 for T, = 2000° R(item (6))
Cp,w = 0.2775

iy = 30.3 x 1076

(40) Take Tgy = 750° R as a first approximation in which case

from flgure 6
cp,ay = 0.2425



(41) From equation (21) anmd iltems (1), (2), (8), (10), (39), and (40), noting that
hp squals 12,5 x 1076 (sMBOLS)

0.2
O.B _5 .
L 0.022\ /750 0.2775 \{ 30.3x10 ~0.2 7 1
(-5;>eﬂ - (“o.oas> (zooo) (0,2425)(12 sxm'e) (0.6837x0.0833) (m)

= 82,1 first approximation

< (42) Froh equation (15) and items (8) and (41)

T .
.fEE =14 (3.279 - 1) (1- 3-0-0m9-1>= 1,9052 first approximation
en

(43) From items (4) and (42)

Tex
1+T_ o
Tay = Ten zen = 610(-]:—"2‘-590-&—) = 886° R second approximation

in which case from f£igure 6, Cp,ay = 0.2455
(44) From equation {21) and itema (1), (2), (8), (10), (39), and (43)
0.8 -6 C.2
L 0.022\ (886 0.2775\ /30.3x10 =0.2 7
(ﬁ,‘)ﬂ. = (“"""‘o.ozs) (zooo) ("'—0,2455) (——'——B) (0.6837%0.0833) (——o 0853)
12.3X10 '

= 100.6 second approximation
(45) Prom equation (15) and items (8) and (44)

£ZDoE °"OM WY VOVN

B2




og

;
2= =1+ (3.279-1) (1- 70-00568x100.6) 1 993 gooond approxiation
en,

(46) Fromitems (4) and (45)
Ty = 610 (Lt%-"ﬂ?.) = 913° R third approximation
in which case, Cp,av = 0. 2463
(47) From equation (21) and itens (1), (2), (6), (10), (32), and (46)

0.2
0.8 -8\"'*
L 0,022\ /913 0.2775) 30.3%10 -0.2 7 )
(Da)eﬁ. = (o.ozs) <zoo'o) (o.mss <12 3)(10.6) (0.6837x0.0833) (o'.oas:s'

= 102. 7 third approximation

(48) Fromequation (15) and i tens (8): and (47)

T _

2X_ 1+ (3.279-1) (1- e'°'°°568’<1°2°7>.2.oo7. thirdapproxi mation

(49) Repetition of the foregoing procedure gives for the fourth approximation
Tav L] 9170 R

(]-)%m = 103.0

¢2bed *OoN WH VOVN

Tex

= 2.010
Ten
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whi ch are practically identical with the third approximation val uee.

Th L lex given in | 49
e valuss of T,y, (-ﬁ-)eﬂ, and 7= given in i tem (49)
represent the convergent values. |t ie evident that the third
approximation Val ues coul d have been taken ast he convergent velues
with negligible error; in general, the third approxi mation values

are sufficiently accurate.

Exemple ITT - Determination of Exit End &sees

Assumes that the flow at the exit of the tube of example I
suddenly dischar inbo a duct having twice the cross-secticnal
ares of the tube (i N which case, £ = 0.50).

Det er mi ne:

(a) Static and total pressures at the duct cross section where
uniform Plow 1s reestablished (referred to as station d in fig. 4).

(b) Drop in stetic and total pressures From entrance Of tube
of exampie I to duct cross sectlon where uniform flow is reestab-
lished (in fig. 4, fFfrom station en to station 4).

(1) From the results of example I (itens (30), (31), and (34)),
the flow parameters at the tube exit are:

(e

EER

—&) = 1.420
(mquT ex

(2) From equation (24) and item (1) of this example for £ = 0. 50,
noting that in figure 4 the small area 1s at station 8X and the

large area at station d

= 2,080
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mv+pA \ X -
<m«/sTT>a 2.080 + 1.420 (o.so ) 3. 500

(3) Fromitem (2) and figures 2 and 3

(_ié_> = 3.348
m 4/gRT /4

(m—%ﬁ)d = 3.189

(4) From itens (1) and (3) noting thatA-?f;zf = 0.50 and
that mand T are constant across the enlargement

Fs
F——n

ex

< PA ) (m«/ﬁRT) Aex _ i-?i’;g x 0.50 = 0. 942
n4/gRT /3 ex A1

b2 A
4 _/_pA <m‘V83T) ex . 3.183 + 6,50 = 1.123
Pox <m '\/gRT)d PA ex Ad 1.420

(52 From example |, Pgy = 1765 pounds per square foot and
Pox = 1410 pounds per squaré foot, which fromitem (4) gives

Pd = 0,942 x 1765 = 1663 (1b)/(sq ft)
pd = 1.123 x 1410 = 1583 (1b) /(sq f1)

(6) The drop in total pressure f£rom station ento Station d
in figure 4 is, fromitem(5) of example | and from item(5) of
this example,

APgn-g = 2160 - 1663 = 497 (1b)/(sq ft)
If the fl ow process at the tube entrance were isentropic, the value
of total-pressure drop given by item(6) woul d al so be obtai ned
across the entire t ube, including all end losses.
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~ (7) mmedrop in static pressure fromstation en to stetion d
infigure 4is, fromitem (36) of example | and fromitem(5) of
t hi s example,

BDep.g = 2040 - 1583 = 457 (1b)/(sq £%)

The static-pressure drop Obt ai ned at the tube entrance for an

i sentropic fl ow process can be cal cul at ed by standard equations and
added to the value of pressure drop given by item (7) to obtain the
over-allstati c- pressure drop across the tube, including al 1 end
logses.

Lewls FJ__'Lgh'b Prop_ulsion Laboratory, _
Nati onal Advisory Committee for Aeronautics,
Ceveland., Onio.
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TABLR I - COMPARTSON OF CALCULATED AND MBASURED™ RESULLS
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Fntrance oomditiona Exit Meamrad, results Caloulated repul Percentage difference
“";“m iamy:::‘.da P p [ u [ ¥ :ﬁn :—:: Ap AT 1’%:—: ;3 Ap AT ap = AT
(°R) (1v/mq £t)[(°R) {1b/sq £t} |(°R) (1v/eq £t [(%B)| (1b/eq £t)} (°R)
1672 | 1e4,000| 45287 520 |D.37(0.84 [0.55L (1,710 | 2041 375/ 0.544|1.600 2085 369 1.7 -1.6
1072 | 1s55,000| 3662 B54 | .AL| .70 | .659(1.369 | 1320 199| ,657}1.348 1284 185 -4 .9 ~3,0
862 | 219,000 | 4458 540 48| .87 | .568{1.218 | 1926 118} .553]|1.218 1993 118 3.5 0
1670 | 265,000 6188 530 | .39]|1.00 | .A64[. 651 | 3315 545 .458|1.645| 3353 | 342 b1.2 ~1.0
choke
1752 53,6800 2417 587 | .21 .32 | .881[L. 967 288 810] .88911.939 267 495 =T.1 -5.0

8Date from reference 6.

b

Caloulated choking lsngth less than actual choking length by 2.8 percent.
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